In this paper, a study of light-cone distribution amplitudes (LCDAs) for s-wave heavy meson are presented in both general and heavy quark frameworks. Within the light-front approach, the leading twist light-cone distribution amplitudes, φ M (u), and their relevant decay constants of heavy pseudoscalar and vector mesons, f M , have simple relations. These relations can be further simplified when the heavy quark limit is taken into consideration. After fixing the parameters that appear in both Gaussian and power-law wave functions, the corresponding decay constants are calculated and compared with those of other theoretical approaches. The curves and the first six ξ-moments of φ M (u) are plotted and estimated. A conclusion is drawn from these results: Even though the values of the decay constants of the distinct mesons are almost equal, the curves of their LCDAs may have quite large differences, and vice versa. Additionally, in the heavy quark limit, the leading twist LCDAs, Φ Qq (ω) and Φ Qq (ω), are compared with the B-meson LCDAs, ψ + (ω), suggested by the other theoretical groups.
I. INTRODUCTION
The decay constants of heavy mesons with a c or a b quark are significant quantities and they play an important role in studies of CP violation, Cabibbo-Kobayashi-Maskawa (CKM) matrix elements, the D−D or B −B mixing process, and leptonic or nonleptonic weak decay.
Experimentally, new data on the decay constants of the pseudoscalar mesons f D and f Ds have been reported [1] [2] [3] [4] which has provided a precise method for comparing different theoretical calculations and for checking their accuracy. During the last decade, the decay constants of both pseudoscalar and vector heavy mesons have been studied by lattice simulations [5] , the relativistic quark model [6] [7] [8] [9] [10] , and the field correlator method [11] . The light-cone distribution amplitudes (LCDAs) of hadrons are key ingredients in the description of the various exclusive processes of quantum chromodynamics (QCD), and their role is analogous to that of parton distributions in inclusive processes. In terms of the Bethe-Salpeter wave functions, ϕ(u i , k i⊥ ), the LCDAs, φ(u i ), are defined by retaining the momentum fractions, u i , and integrating out the transverse momenta, k i⊥ [12] . They provide essential information on the nonperturbative structure of the hadron for the QCD treatment of exclusive reactions and they play a central role in all known factorization formulas. Specifically, the leading twist LCDAs describe the probability amplitudes for finding the hadron in a Fock state with the minimum number of constituents. Experimentally, the fact that B-physics exclusive processes are under investigation in BaBar and Belle experiments also urges the detailed study of hadronic LCDAs. In the literature, the LCDAs of heavy quarkonia have been estimated by various nonperturbative approaches, such as QCD sum rules [13] [14] [15] [16] , NRQCD factorization [17] , and the light-front quark model [18] [19] [20] . As for heavy-light mesons, the LCDAs of B-meson ψ ± were first introduced within the heavy quark effective theory (HQET) [21] , and the following studies were intensive [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] , whereas the ones of other heavy-light mesons were discussed in a non-HQET framework [37] .
In the past decade, the most significant progress made in the QCD description of hadronic physics was, perhaps, in the avenue of heavy quark dynamics. The analysis of heavy hadron structures has been tremendously simplified by the heavy quark symmetry (HQS) proposed by Isgur and Wise [38, 39] and HQET developed from QCD in terms of 1/m Q expansion [40] [41] [42] . HQET has provided a systematic framework for studying symmetry breaking 1/m Q corrections (for a review, see [43] ). Moreover, in terms of heavy quark expansion, HQET offered a new framework for the systematic study of the inclusive decays of heavy mesons [44] [45] [46] [47] . However, the general properties of heavy hadrons, namely their decay constants, transition form factors and structure functions etc., are still incalculable within QCD, even in the infinite quark mass limit with the utilization of HQS and HQET. Hence, although HQS and HQET have simplified heavy quark dynamics, a complete first-principles QCD description of heavy hadrons has still been lacking due to the unknown nonperturbative QCD dynamics. This paper has focused on the study of the decay constants and the leading twist LCDAs of pseudoscalar (D, D s , B, B s , B c ) and vector (D * , D (or quark distribution amplitude (DA)) [12] , these two properties seemed to be closely related. In terms of a detailed analysis, the purpose of this study is to transparently realize the relation between the decay constant and LCDA of the heavy meson. We believe that a thorough understanding of these universal nonperturbative objects would be of great benefit when analyzing the hard exclusive processes with heavy meson production or annihilation.
Additionally, in this study, the s-wave heavy meson has been explored within the light-front quark model (LFQM), which is a promising analytic method for solving the nonperturbative problem of hadron physics [48] , as well as offering many insights into the internal structures of bound states. The basic ingredient in LFQM is the relativistic hadron wave function which generalizes distribution amplitudes by including transverse momentum distributions, and which contains all the information of a hadron from its constituents. The hadronic quantities are represented by the overlap of wave functions and can be derived in principle.
The light-front wave function is manifestly a Lorentz invariant, expressed in terms of internal momentum fraction variables which are independent of the total hadron momentum. Moreover, the fully relativistic treatment of quark spins and center-of-mass motion can be carried out using the so-called Melosh rotation [49] . This treatment has been successfully applied to calculate phenomenologically many important meson decay constants and hadronic form factors [50] [51] [52] [53] [54] [55] . Therefore, the main purpose of this study was the calculation of the leading twist LCDAs of s-wave heavy mesons within LFQM.
The remainder of this paper is organized as follows. In Sec. II, the leading twist LCDAs of s-wave heavy meson states are derived within general and heavy quark frameworks. In Sec. III, the formulations of LFQM within the general and heavy quark frameworks are reviewed briefly, and the decay constants and the leading twist LCDAs then extracted. In Sec. IV, numerical results and discussions are presented. Finally, the conclusions are given in Sec. V.
II. LEADING TWIST LCDAS OF s-WAVE MESONS

A. General Framework
The amplitudes of the hard processes involving s-wave mesons can be described by the matrix elements of gauge-invariant nonlocal operators, which are sandwiched between the vacuum and the meson states,
where P is the meson momentum, ǫ is the polarization vector (of course, ǫ does not exist in the case of pseudoscalar meson), Γ is a generic notation for the Dirac matrix structure, and the path-ordered gauge factor is:
This factor is equal to unity in the light-cone gauge which is equivalent to the fixed-point gauge, (x − y) µ A µ (x − y) = 0, as the quark-antiquark pair is at the lightlike separation [56] .
For simplicity, the gauge factor will not be shown below.
The asymptotic expansion of exclusive amplitudes in powers of large momentum transfer is governed by the expanding amplitude, Eq. (2.1), shown in powers of deviation from the light-cone x 2 = 0. The two lightlike vectors, p and z, can be introduced by
so that p → P in the limit M 2 H → 0 and z → x for x 2 = 0. From this it follows that [57] 
where P x ≡ P · x and P z = pz = (P x) 2 − x 2 M 2 H . In addition, if the meson is assumed to move in a positiveê 3 direction, then p + and z − are the only nonzero components of p and z, respectively, in an infinite momentum frame. For the vector meson, the polarization vector ǫ µ is decomposed into longitudinal and transverse projections as
respectively.
LCDAs are defined in terms of the matrix element of the nonlocal operator in Eq. (2.1).
For the pseudoscalar (P ) and vector (V ) mesons, LCDAs can be defined as
where u is the momentum fraction and ξ ≡ (1 − u) − u = 1 − 2u. Here φ P , φ V , and φ V ⊥ are the leading twist-2 LCDAs, and the others contain contributions from higher-twist operators. The leading twist LCDAs are normalized as 9) and can be expanded [58] in Gegenbauer polynomials C 3/2 n (ξ) as 
Then a l can be obtained by using the above orthogonality integrals as
(2.12)
An alternative approach to parameterize the quark distribution amplitude is to calculate the so-called ξ-moments:
as calculated in this work.
To disentangle the twist-2 LCDAs from higher twists in Eqs. (2.6) ∼ (2.8), the twist-2 contribution of the relevant nonlocal operatorq(z)Γq(−z) must be derived. For the Γ = γ µ (γ 5 ) case, the leading twist-2 contribution contains contributions of the operators which are fully symmetric in the Lorentz indices [59, 60] :
14)
The sum can be expressed in terms of a nonlocal operator,
Taking the matrix element between the vacuum and the s-wave meson state, we obtained:
The derivations of (2.17) as shown in Ref. [59] , are applied to those of Eq. (2.16). We use Eq. (2.14), and then expand the right-hand sides of Eqs. (2.16) and (2.17) as 19) respectively. Picking n = 0 in Eqs. (2.18) and (2.19), we obtain
From the normalization of Eq. (2.9), we have
which are taken as the definitions of decay constants f P and f V in the literature.
Next, we consider the case of Γ = σ µν , where the leading twist-2 contribution contains contributions of the operators:
The sum can also be represented in terms of nonlocal operators:
Returning to Eq. (2.8), it can be rewritten as
We sandwich both sides of Eq. (2.24) between the vacuum and the vector meson state as
The integral is performed as 
where
In contrast to Eqs. (2.16) and (2.17), the twist-2 LCDAs do not disentangle entirely from the higher twists in Eq. (2.28). Taking the product with ǫ ⊥µ z ν in Eq. (2.28) to obtain
we then use Eq. (2.23) and expand the right-hand side of Eq. (2.30) as
Picking n = 0 in Eq. (2.31), we obtain
From the normalization of Eq. (2.9), we have 33) which is consistent with the usual definition of f
In general, the theoretical description of meson properties relies on the bound state models with a relativistic normalization:
At low energies, however, these models have little connection to the fundamental theory of QCD. Then the reliable predictions are often made based on symmetries. A well-known example is HQS [43] , which arises since the Compton wave-length, 1/m Q , of a heavy quark bound inside a hadron is much smaller than a typical hadronic distance (about 1 fm), and m Q is unimportant for the low energy properties of the state. For a heavy-light meson system, it is more natural to use velocity v µ instead of momentum variables. Then it is appropriate to work with a mass independent normalization of a heavy-light meson state: 
In addition, the heavy quark field can be expanded as [43] Q 38) where h * v (x) is a field describing a heavy antiquark with velocity v. Then the currentqΓQ can be represented asq 
, and ω was first introduced in Ref. [61] as the product of longitudinal momentum fraction u of the light (anti)quark and the mass of heavy meson M, namely ω = uM. Following a similar process, the leading twist LCDAs are obtained as
The authors of Ref. [21] defined two quark-antiquark wave functions in momentum space ψ ± (ω) of a heavy-light meson in terms of the matrix element: 46) where f = F M /2 and
Evaluating the trace for various choices of Γ and taking the heavy quark limit, they obtained 48) and the normalization conditions
In addition, the authors of Ref. [21] defined the moments of ψ + (ω) as 50) and used the equations of light and heavy quarks to obtain the relation between the first moment and the residual center mass:
An s-wave meson bound state, consisting of a quark, q 1 , and an antiquark,q 2 , with total momentum P and spin J, can be written as (see, for example [52] )
where k 1 and k 2 are the on-mass-shell light-front momenta,
and
In terms of the light-front relative momentum variables (u, κ ⊥ ) defined by
the momentum-space wave function Ψ SSz can be expressed as
where ϕ(u, κ ⊥ ) describes the momentum distribution of the constituent quarks in the bound state, and R SSz λ 1 λ 2 constructs a state of definite spin (S, S z ) out of the light-front helicity (λ 1 , λ 2 ) eigenstates. Explicitly, 6) where |s i are the usual Pauli spinors and R M is the Melosh transformation operator [50] :
with u 1 = 1 − u, u 2 = u, and n = (0, 0, 1) a unit vector in theẑ-direction. In addition,
where κ z is the relative momentum inẑ direction and can be written as
M 0 is the invariant mass ofand generally different from mass M of the meson which satisfies M 2 = P 2 . This is due to the fact that the meson, quark and antiquark cannot be simultaneously on-shell. We normalize the meson state as 10) in order that
In general, for any function F (| κ|), ϕ(u, κ ⊥ ) has the form of 12) where normalization factor N is determined from Eq. (3.11).
In practice, it is more convenient to use the covariant form of R SSz λ 1 λ 2 [50, 54, 62] :
For the pseudoscalar and vector mesons, we have:
Equations (3.13) and (3.15) can be further reduced by the applications of equations of motion on the spinors [54] :
where 
For the "good" component, µ = +, the leading twist LCDA, φ P , is extracted as
A similar process is used for the vector meson which corresponded to Eqs. (2.21) and (2.32), and then the leading twist LCDAs are extracted as
From the normalization of Eq. (2.9), we found not only that the equations of f P and f V were consistent with that of [6] , but also that the decay constants and the leading twist LCDAs has the simple relations 24) which are independent of the form of F (| κ|). These are consistent with HQS between the s-wave heavy-light mesons. The exact form of Φ M , however, must be derived by the redefinition of the meson bound state. Let us consider the bound states of heavy mesons in the heavy quark limit: 
The relative transverse and longitudinal momenta, κ ⊥ and κ z , are obtained by
The momentum-space wave-function Ψ SSz can be expressed as
with Γ = γ 5 (− ǫ) for S = 0(1), 30) and u(v, λ 1 ) is the spinor for the heavy quark,
The normalization of the heavy meson bound states can then be given by 
In principle, the heavy quark dynamics are completely described by HQET, which is given by the 1/m Q expansion of the heavy quark QCD Lagrangian: 
For the "+" component, the leading twist LCDA Φ P is extracted as
In contrast with φ(u), Φ(ω) represents the distribution of the longitudinal momentum carried by the light degree of freedom. A similar process is used for the vector meson which corresponds to Eqs. (2.44) and (2.45), and the results are (3.39) which are consistent with Eqs. (2.48) and (2.49).
IV. NUMERICAL RESULTS AND DISCUSSIONS
In this section, the decay constants and LCDAs of
s , and B ( * ) c are studied. We consider two kinds of F (| κ|), one is the Gaussian type, the other is the powerlaw type:
then the corresponding wave functions are 4) and can be used to calculate decay constant f , the LCDAs φ(u), and the ξ-moments of φ(u). Prior to the numerical calculations, the parameters m 1 , m 2 and β, which appeared in the wave function, have to first determined. For the light quark masses, we used the decay constants f π , f K and the mean square radii r 2 π + , r 2 K 0 to fit m u,d (≡ m q ) and m s [64] . For the heavy quark masses, however, the relevant measurements are insufficient. We determined m c and m b by the mass of the spin-weighted average of the heavy quarkonium states and its variational principle for the relevant Hamiltonian [20] .
As regards parameter β, it is determined by the decay constant of the heavy meson.
Recently the CLEO collaboration updated their data concerning Br(D + → µ + ν) and an average value was reported [65] : f D + = 206.0 ± 8.9 MeV. In addition, the authors of Ref.
[66] averaged Br(B − → τ −ν ) from the Belle [67] and Babar [68, 69] collaborations and extracted f B = 204 ± 31 MeV. The parameters β cq and β bq can then be determined. As mentioned in the previous work [64] , the ratios, β cs /β cq and β bs /β bq can be related to the SU(3) symmetry breaking, that is, m s /m q as follows:
Therefore, β cs and β bs are not independent parameters. Concerning the decay constants of B c , we quote the average result of QCD sum rules [70] : f Bc = 360 MeV to extract the parameter β bc . All the parameters are listed in Table 1 . Next, we used the parameters in Table 1 as input to calculate the decay constants f P , f V , and f ⊥ V of the relevant heavy mesons. The values of the ratios Tables 2 and 3 Table 3 , the ratio f V /f P is not only dependent on the heavy quark mass, but also insensitive to the light quark mass. The reason is that, making a comparison between Eqs. (3.20) and (3.21) , the difference between f P and f V is proportional to 2κ 2 ⊥ /(M 0 + m 1 + m2). In the Gaussian (power-law) wave function, the mean square value of the transverse momentum is equal (proportional) to the square value of the parameter β, or κ
, so the ratio f V /f P is influenced by the parameter β and the quark mass. In the case of the different heavy quark, for example, f D * /f D and f B * /f B , as m b is much greater than m c , this effect is greater than that of β bq > β cq , so
On the other hand, in the case of the different light quark, 
The quark distributions of the heavy meson, φ P (u), φ V (u), and φ V ⊥ (u) are plotted in Fig. 1 and 2 . Clearly the difference in the constituent quark masses is greater, the location where u peaked is closer to zero. This indicates, relatively, that the lighter the quark, the smaller its momentum fraction. We also find that, even though the difference between f D and f D * was more than 25% (almost 50%) for the Gaussian (power-law) wave function, all curvilinear distinctions between φ V (u) and φ P (u) are quite small. The reason is that, after the κ ⊥ integration, the curve of φ M (u) is influenced only by the quark mass, parameter β, and the total spin (that is, the pseudoscalar or the vector meson). As the quark mass and β are the same in φ V (⊥) (u) and φ P (u), the distinctions between them were slight. On the other hand, even though f D * is almost equal to f Ds , as shown in Table 2 
for the Gaussian wave function, the curvilinear distinction between φ For the heavy quark framework, some models for B meson LCDAs have also been adopted in the literature. Inspired by the QCD sum rule analysis, the authors of Ref. [21] proposed a simple model: Additionally, the authors of Ref. [25] suggested a Gaussian-type model:
By applying Eqs. (2.50) and (2.51), the relation between the residual center mass and the parameter λ is:
In Ref. [23] , the value λ I = 0.3 GeV corresponded toΛ q = 0.45 GeV. For a convenient comparison, we used thisΛ q andΛ s =Λ q + m s − m q to fix parameters β Qq and β Qs in this work. Moreover, the Gaussian wave functionφ is given by taking the heavy quark limit in Eq. (4.3) and using the relation Eq. (3.36):
The light quark masses m q(s) = 0.251(0.445) GeV are as in Table 1 , and we can then obtain the values β g Qq = 0.279 GeV and β g Qs = 0.338 GeV. In terms of these parameters, the leading twist LCDAs Φ Qq (ω), Φ Qs (ω), ψ +I (ω), and ψ +II (ω) are calculated and plotted as in Fig. 3 .
We find that the curve of Φ Qq (ω) is close to that of ψ +I (ω).
V. CONCLUSIONS
This study has discussed the leading twist LCDAs of the s-wave heavy meson within the light-front approach in both general and heavy quark frameworks. These LCDAs are shown in terms of light-front variables and relevant decay constants. In the general frameworks, we find that the decay constants and LCDAs of the pseudoscalar and vector mesons have the following relations: f P + f V = 2f ⊥ V and φ P + φ V = 2φ V ⊥ . The parameters m and β, which appear in both Gaussian and power-law wave functions, were determined as follows: (1) the ratio f V /f P is not only dependent on the heavy quark mass, but also insensitive to the light quark mass.
As shown in Fig.1 and 2 , we find that even though the difference between f D and f D * is more than 25% (almost 50%) for the Gaussian (power-law) wave functions, all curvilinear distinctions between φ V (u) and φ P (u) are quite small because their main difference come When the heavy quark framework is used, the above relations for the decay constant and the LCDAs can be further simplified as F P = F V = F ⊥ V and Φ P = Φ V = Φ V ⊥ , as consistent with HQS. For a convenient comparison, the valueΛ q = 0.45 GeV, as suggested in Ref. [23] , is used to fix β Qq(Qs) and to plot the curves of Φ Qq , Φ Qs , ψ +I , and ψ +II in Fig. 3 . We find that the curvilinear distinction between Φ Qq (ω) and ψ +I (ω) is relatively small.
